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We calculate the realized volatility in the spin model of financial markets and examine the returns
standardized by the realized volatility. We find that moments of the standardized returns agree with
the theoretical values of standard normal variables. This is the first evidence that the return dynamics
of the spin financial market is consistent with the view of the mixture-of-distribution hypothesis that
also holds in the real financial markets.
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1. Introduction
It is well-known that asset price time series show universal properties that are not observed in a
random walk model: Price returns show fat-tailed distributions. Autocorrelations of returns are not
significant. On the other hand absolute returns are long correlated. Volatility clustering occurs, etc.
These properties are now classified as stylized facts of asset returns [1]. A possible explanation for
these properties has been given by Clark [2] who suggested that the return dynamics follows the
Gaussian random process with time-varying volatility, called the mixture-of-distribution hypothesis
(MDH). Under the MDH, each return at time t is described by rt = σtǫt, where σ2t is the time-
varying volatility and ǫt is a standard normal value ∼ N(0, 1). The return distributions from the MDH
are given as a superposition of the volatility distribution and the conditional Gaussian distribution.
Empirically the volatility distribution is suggested to be the inverse gamma distribution with which the
unconditional return distribution results in the Student’s t-distribution [3]. The MDH can be verified
by examining the returns standardized by σt. If the MDH holds, the standardized returns (SR) are
given by r¯t = rt/σt = ǫt and thus we should observe the normality for r¯t, e.g. kurtosis=3. A drawback
of this verification is that volatility is not directly measurable in financial markets.
Recent availability of high-frequency intraday returns enables us to construct realized volatility
(RV) [4,5] that converges to the true volatility as the sampling interval goes to zero. Using the RV the
normality of the SR in the financial markets has been studied [5–8] and it is shown that the SR are
approximately described by normal variables, which supports the view of the MDH.
To better understand the origin of the price dynamics observed in the financial markets Bornholdt
proposed a mimimalistic spin model that includes only two conflicting interactions [9]. One of the
interactions corresponds to the majority effect that agents imitate their neighbors. The other is the
effect that agents tend to join minority groups. The model with these conflicting interactions shows a
non-equilibrium dynamics in return time series and exhibits major stylized facts successfully [9–12].
What has not yet been examined for the model is the consistency check of the MDH. In this study
we perform simulations of the spin model by Bornholdt and examine if the MDH also holds for the
spin model. Following the check process of the MDH in the real financial markets, first we calculate
the RV and then examine the normality of returns standardized by the RV. We also examine higher
moments of the SR that have not been used in the normality check in the real financial markets. As
seen later, the higher moments of the SR also support the MDH.
1
2. Spin Financial Market
The spin financial market by Bornholdt [9] is as follows. We take an L × L lattice which has
N = L × L sites. Each site of the lattice has a spin agent si which takes +1 or −1. si = +1 (−1) state
can be assigned to ”Buy” (”Sell”) state. Each spin si(T ) at time T is updated to si(T + 1) according
to the following probability by the heat-bath dynamics [9].
si(T + 1) = +1 p = 1/(1 + exp(−2βhi(T ))), (1)
si(T + 1) = −1 1 − p,
where hi(T ) is given by hi(T ) =
∑
〈i, j〉
Js j(T ) − αsi(T )|M(T )|, 〈i, j〉 stands for summation over the
nearest neighbor pairs, and M(T ) is the magnetization given by M(T ) = 1N
∑N
i=1 si(T ). Here the unit
of time T is one sweep that means N spins are updated. The first term of hi(T ) corresponds to the
nearest neighbor interaction of the ordinal Ising model that causes the majority effect with a positive
J, i.e. agents imitate their neighbors. The second term of hi(T ) corresponds to the minority effect that
agents tend to belong to a minority group. M(T ) which represents the asymmetry of Buy and Sell
states can be related to the price movements. We define the market price ln p(T ) by the fundamental
price p∗(T ) and M(T ) as ln p(T ) = ln p∗(T ) + λM(T ) [11]. λ can fix the magnitude of the log-price
that depends on the actual asset price. Since the value of λ is not important for RV calculations, we
set λ = 0.5. Assuming that the fundamental price is constant over time, the price return R(T ), i.e.
log-price difference is given as [11] R(T ) = ln p(T + 1) − ln p(T ) = (M(T + 1) − M(T ))/2.
We define ”one day” by one sweep. Then R(T ) can be assigned to a daily return of the spin
financial market. We define the intraday time unit t as one spin update. Thus one day consists of N
updates. The RV is constructed by a sum of squared intraday returns [4,5]. For sampling interval ∆t we
obtain n+1 intraday log-prices on each day as (ln p(T ), ln p(T +∆t/N), ln(T +2∆t/N), ..., ln p(T +1)),
where n = N/∆t. The l-th intraday return with ∆t on day T is defined by retT,∆t(l) = ln p(T + l∆t/N)−
ln p(T + (l − 1)∆t/N) = (M(T + l∆t/N) − M(T + (l − 1)∆t/N))/2, Using n intraday returns the RV on
T with ∆t is defined by
RVT,∆t =
n=N/∆t∑
l=1
ret2T,∆t(l). (2)
Let us assume that the log-price process follows a continuous stochastic diffusion, d ln p(s) =
σ˜(s)dW(s), where W(s) stands for a standard Brownian motion and σ˜(s) is a spot volatility at time s
that is not directly observed in the markets. For this process, one-day integrated volatility is defined
by
σ2(T ) =
∫ T+1
T
σ˜2(s)ds. (3)
Eq.(2) is a discretized version of eq.(3) that goes to the true integrated volatility in the limit of ∆t → 0
when no bias exists. Assuming the MDH for the daily return dynamics, we obtain R(T ) = σ(T )ǫT .
Using the RV as σ(T )2 the standardized return is given by ¯R(T ) = R(T )/RV1/2T,∆t that is used for the
normality check.
3. Finite-Sample Effect
The RV by eq.(2) depends on ∆t and the true volatility is obtained only in the limit of ∆t → 0.
The distribution of the SR at finite ∆t is theoretically known and depends on the number of samples
rather than ∆t. The distribution of the SR is given by [13]
f ( ¯R) = Γ(n/2)√
πnΓ((n − 1)/2)
(
1 −
¯R2
n
)(n−3)/2
× I(−√n ≤ ¯R ≤ √n), (4)
2
where n = N/∆t and I(A) stands for the indicator function, i.e. I(A) = 1 if A is true and I(A) = 0 if A is
false. Under eq.(4) the even moments m2k of ¯R are calculated to be m2k = n
k(2k − 1)(2k − 3) . . . 1
(n + 2k − 2)(n + 2k − 4) . . . n
that depends on n except for variance m2. Empirically the finite-sample effect on the kurtosis of the
SR has been observed in the real financial markets [8, 14, 15].
4. Simulation Study
Our simulations are performed on a 125×125 square lattice with the periodic boundary condition.
The simulation parameters are set to (β, α, J) = (1.8, 22, 1). Spins are randomly updated according to
eq.(2). We start the simulations on a lattice with ordered spins and discard the first 5 × 103 sweeps as
thermalization. Then we collect data from 3 × 104 sweeps for analysis.
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Fig. 1. Sweep history of return and RV(∆t = 1).
Fig.1 shows returns at each sweep (T ) and their corresponding RV’s calculated at ∆t = 1. As seen
in the figure the return time series shows a non-Gaussian process. To verify the MDH we standardize
each return by the RV calculated at various sampling intervals (∆t = 1, 2, ..., 4000). and examine
moments of the SR. Fig.2 shows kurtosis, 6th, 8th and 10th moments of the SR as a function of ∆t.
They strongly depend on ∆t and deviate from the expected values for normal variables at large ∆t.
However they approach the corresponding theoretical values as ∆t decreases. To obtain the values at
∆t → 0 we fit them to the expected theoretical curves with one free parameter, i.e. 2k-th moment is
fitted to the function of Cn
k
(n + 2k − 2)(n + 2k − 4) . . . n with a parameter C. Table I shows the fitting
results which correspond to the values at ∆t → 0. We find that the fitting results are very close to the
theoretical results expected for normal variables. Therefore these results indicate that the return time
series is consistent with the MDH.
Table I. Theoretical values for standard normal variables and fitting results from the spin model. For the
variance which has no finite-sample effect, the result at ∆t = 1 is given.
variance kurtosis 6th 8th 10th
theory 1 3 15 105 945
spin model 1.002(9) 2.96(3) 14.72(4) 102.8(4) 926(5)
5. Conclusion
We have simulated a spin financial market and calculated the RV to investigate the return dy-
namics of the spin financial market. The moments of the return standardized by the RV are strongly
dependent on the sampling interval except for variance. However we found that those moments con-
verge to the expected theoretical values for normal variables in the limit of ∆t → 0. If the estimated
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Fig. 2. Kurtosis, 6th, 8th and 10th moments of the SR as a function of ∆t. The fittings are done by using the
data in ∆t = [1, 2000].
volatility is not precise enough the SR do not show the exact normality. In [16] volatility of the spin
model is estimated by the GARCH model [17] and the kurtosis of the return standardized by GARCH
volatility is found to deviate from 3, which means the GARCH volatility may not be precise enough.
Our findings indicate that volatility of the returns is correctly calculated by the RV and the return
dynamics of the spin financial market is consistent with the view of the MDH, i.e. the return time
series follow a Gaussian process with time-varying volatility.
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